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BETTI NUMBERS FOR NUMERICAL SEMIGROUP RINGS
DUMITRU I. STAMATE
Abstract. We survey results related to the magnitude of the Betti numbers of
numerical semigroup rings and of their tangent cones.
1. Introduction
A numerical semigroup H is a subset of the set of nonnegative integers N, closed
under addition, containing 0 (i.e. a monoid) and such that |N \H| <∞. The latter
condition may be replaced by having gcd(h : h ∈ H) = 1. The largest integer not in
the numerical semigroup H is called its Frobenius number, which we denote F (H).
Given the positive integers a1, . . . , an, the monoid they generate is
〈a1, . . . , an〉 =
{
n∑
i=1
kiai : ki ∈ N, i = 1, . . . , n
}
.
Let d = gcd(a1, . . . , an). Since the semigroups 〈a1, . . . , an〉 and 〈a1/d, . . . , an/d〉
are isomorphic, it is clear that the study of submonoids of N reduces to the study
of numerical semigroups. It is easy to check that any monoid H ⊂ N is finitely
generated and that it has a unique minimal generating set that we denote G(H).
The embedding dimension of H is defined as emb dim(H) = |G(H)|, the multiplicity
of H is m(H) = minG(H) and its width is wd(H) = maxG(H)−minG(H).
Unless otherwise stated, throughout this paper H denotes a numerical semigroup
and any semigroup is assumed to be a numerical semigroup.
Let K be any field. The semigroup ring K[H ] is the K-subalgebra of the poly-
nomial ring K[t] generated by the monomials th where h ∈ H . Assume G(H) =
{a1, . . . , an}. We consider the polynomial ring S = K[x1, . . . , xn] endowed with the
nonstandard grading induced by H , namely deg xi = ai for all i. Then theK-algebra
map ϕ : S → K[H ] letting ϕ(xi) = t
ai is a graded map. Its kernel IH = kerϕ is
also called the toric ideal of H since it is the ideal of relations of the toric algebra
K[H ]. More generally, any 1-dimensional toric ring can be viewed as a semigroup
ring K[H ] with H a numerical semigroup.
The elements of any minimal set of (homogeneous) generators of IH are the
first syzygies of K[H ], and their count is the first Betti number of K[H ], denoted
β1(K[H ]). A minimal set of relations among the first syzygies consists of what are
called the second syzygies of K[H ], which are counted by β2(K[H ]). The process
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continues, and it produces nontrivial syzygies until we reach the projective dimen-
sion of K[H ]. The Betti sequence of K[H ] is the list (β0(K[H ]), β1(K[H ]), . . . ),
where β0(K[H ]) = 1. The last nonzero Betti number, namely βn−1(K[H ]) is called
the (Cohen-Macaulay) type of K[H ] (or of the semigroup H , see also Section 3).
An algebra that is closely related to K[H ] and is relevant to our study is its
associated graded ring with respect to the maximal ideal m = (th : h ∈ H\{0})K[H ],
i.e. grmK[H ] = ⊕i≥0m
i/mi+1 . This algebra is also called the tangent cone of K[H ]
(or of H) in resemblance with the geometric origin of the concept, see [24, Chapter
5].
Minimal free resolutions of modules and their attached invariants are a classical
and nevertheless constant source of questions in algebraic geometry and in com-
mutative algebra, see [25], [60]. In this survey we collect some of the results and
questions pertaining to these topics when the modules are K[H ] or grmK[H ] for
a numerical semigroup H . It is clear that general results may be also applied to
this setting, but on the other hand new tools become available and we get sharper
statements when we focus on the type of rings we mentioned.
We briefly outline the structure of this paper. In Section 2 we discuss arithmetic
consequences (and at times characterizations) of the Gorenstein, complete intersec-
tion or Cohen-Macaulay property for K[H ] and grmK[H ]. We present how to start
the resolution of these algebras, namely how to (algorithmically) compute the toric
ideal IH and its ideal of initial forms I
∗
H . Exact, but somehow opaque, formulas
for the Betti numbers of K[H ] are given in terms of topological and combinatorial
data encoded in the squarefree divisor complexes of the elements in the semigroup,
introduced in [13].
Fro¨berg, Gottlieb and Ha¨ggkvist [28] defined the type of the semigroup H as the
cardinality of its set of its pseudo-Frobenius numbers: PF (H) = {x ∈ Z \ H :
x+ h ∈ H for all 0 6= h ∈ H}. In Section 3 we give a detailed proof of the fact that
this notion of type coincides with the Cohen-Macaulay type of the semigroup ring
K[H ]. In higher embedding dimension the type is also unbounded, but we present
estimates for it when H is in certain families of semigroups.
A recent result of Vu [74] is that if we bound the width of the semigroup, then the
Betti numbers of K[H ] are bounded, too. This was extended to the Betti numbers
of grmK[H ] by Herzog and the present author in [41]. These are consequences of an
eventual periodic behaviour of the Betti sequence of the toric ring and its tangent
cone for semigroups in the same shifted family. We collect in Section 4 the most
important periodicity-like results that have been spotted so far in shifted families of
semigroups. There is a growing interest in this topic, due to possible applications in
faster implementations of the known algorithms for computing invariants of K[H ]
or H , see [18] and [57].
We say that the semigroup H is obtained from the semigroup L by a simple gluing
if H = 〈cL, ℓ〉 with c, ℓ > 1 coprime and ℓ ∈ L \G(L). In Section 5 we explain how
the Betti numbers of K[L] and K[H ] are related; in particular they have the same
type.
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In Section 6 we discuss two families of semigroups for whom the whole resolution
of the associated toric ring is known: the complete intersections and those generated
by an arithmetic sequence. It has been known since Herzog’s [37] that at most three
binomials suffice to generate IH when H is 3-generated. On the other hand, it is
possible in this embedding dimension that I∗H have as many generators as one wants,
see Section 7.
Bresinsky [11] produced the first examples of 4-generated semigroups where µ(IH)
is arbitrarily large. In Section 8 we give a detailed proof of the computation of the
Betti sequence of K[H ] and grmK[H ] when H is of Bresinsky’s type, and also in a
related family found by Arslan [3].
For several families of 4-generated semigroups the resolution of their toric ring
is known, and we present these in Section 9. Namely, when H is symmetric, pseu-
dosymmetric or almost symmetric, or when it is generated by an almost arithmetic
sequence. It is still obscure and not yet completed (or even started) the list of
possible Betti sequences of grmK[H ] when H is in one of the said families.
For the background and the undefined terminology from commutative algebra we
refer to the monographs [24], [14], and for an introduction to numerical semigroups
to [64] and [61]. The lecture notes of Fro¨berg [29] from the conference in Porto in
2008 may also serve as an introduction to the topics we present. Resolutions and
toric ideals are rarely computed by hand, and we are happy that software like Sin-
gular [20], Macaulay2 [36] or CoCoA [1] exists. In Singular, the package toric.lib
implements several algorithms for computing toric ideals, which are particularly
efficient for numerical semigroup rings since these are not standard graded. Pre-
sentations for numerical semigroups can also be computed via the numericalsgps
package [21] in GAP [30] where many other semigroup routines are to be found.
Numerical semigroups occur in various braches of mathematics, ranging from the
study of singularities, number theory to coding theory. We hope this survey would
be on interest to a larger audience, especially since there is a growing number of
recent publications dealing with resolutions or Betti numbers for numerical semi-
group rings. The results are scattered in various places, as witnessed by the list of
references. We tried to be comprehensive, but the outcome is of course limited by
our knowledge.
For most of the results we present we preferred not to include a full proof, but
rather point to one, if available. A lot of examples are included, and it is here where
we insisted on giving details, at places fixing some gaps in the literature.
2. Algebraic warm-up
In this section we give some basic algebraic facts about semigroup rings, their
minimal resolution, and we recall some terminology.
Let K be any field, H a numerical semigroup minimally generated by a1, . . . , an
and S = K[x1, . . . , xn] the polynomial ring over K in the indeterminates x1, . . . , xn.
On S we consider the nonstandard grading given by the semigroup H by letting
deg xi = ai for i = 1, . . . , n. We denote IH the kernel of the K-algebra map φ :
S → K[H ] letting φ(xi) = t
ai for i = 1, . . . , n. The algebra K[H ] ∼= S/IH is a
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1-dimensional domain, hence by the Auslander–Buchsbaum formula ([14, Theorem
1.3.3]) we have that
proj dimS K[H ] = height IH = n− 1.
Let f1, . . . , fr be a minimal system of generators for IH , which are homogeneous
with respect to the grading on S induced by the semigroup H . The relations among
them are captured by the kernel of the S-linear map ϕ1 : F1 =
⊕r
i=1 Sei → S
letting ϕ(ei) = fi for i = 1, . . . , r. To make this map homogeneous we assign
deg(ei) = deg(fi) for i = 1, . . . , r.
This process continues and we obtain a chain complex of free S-modules of finite
rank
F : 0→ Fn−1
ϕn−1
→ Fn−2 → · · · → F1
ϕ1
→ F0 = S → 0,
which is exact in positive homological degrees, it has H0(F) ∼= S/IH , and the maps
have the property that ϕi(Fi) ⊂ nFi−1 for all i = 1, . . . , n − 1. Here n denotes the
maximal homogeneous ideal of S. One says that F is a minimal free S-resolution of
S/IH . Such an F is unique (only) up to an isomorphism of chain complexes, hence
we can define the ith Betti number of K[H ] as
βi(K[H ]) = rankFi = dimK Tor
S
i (K[H ], K) for all i,
and this number does not depend on the chosen minimal free resolution ofK[H ]. The
Betti sequence of K[H ] is the list (β0(K[H ]), β1(K[H ]), . . . ). Clearly, β0(K[H ]) = 1
and β1(K[H ]) = µ(IH) the minimal number of generators for IH .
Assume G(H) = {a1, . . . , an} and S = K[x1, . . . , xn]. Then IH is the binomial
ideal
IH =
(
xu − xv : u, v ∈ Nn,
n∑
i=1
uiai =
n∑
i=1
viai
)
,
where for u = (u1, . . . , un) we let x
u = xu11 · · ·x
un
n . The toric ideal IH can be
computed via elimination in the extended polynomial ring S[t]:
IH = (x1 − t
a1 , . . . , xn − t
an)S[t] ∩ S,
or via saturation, as follows. Let u(1), . . . , u(n−1) be a Z-basis for the subgroup
{(u1, . . . , un) ∈ Z
n :
∑n
i=1 uiai = 0}. Then IH is the saturation
IH = IL : (x1 · · ·xn)
∞
of the lattice ideal
IL =
(
x
u+
(i) − x
u−
(i) : i = 1, . . . , n− 1
)
.
Here, for any vector u, by u+ and u− we denote the unique vectors with nonnegative
entries having disjoint support such that u = u+− u−. We refer to [70, Chapters 4,
12] for detailed proofs and further algorithms.
When embdim(H) = 2, IH is a principal ideal. If emb dim(H) = 3, Herzog [37]
showed that IH can be generated by at most 3 binomials, see also [23]. For each
1 ≤ i ≤ 3, we look at the smallest positive multiple ciai which is in the semigroup
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generated by the other two generators of H , and this gives a binomial generator for
IH . For instance, when H = 〈6, 7, 10〉 we may write
4 · 6 = 2 · 7 + 1 · 10,
4 · 7 = 3 · 6 + 1 · 10,
2 · 10 = 1 · 6 + 2 · 7,
and this gives
(1) IH = (x
4 − y2z, y4 − x3z, z2 − xy2).
In higher embedding dimension, it is more difficult in general to establish a system
of generators for IH without using specialized software.
The maps in the resolution F are homogeneous with respect to the grading induced
by the semigroup, and this is reflected in the decomposition of the Betti numbers
as sum of their multigraded parts:
βi(K[H ]) =
∑
λ∈H
βi,λ(K[H ]).
These summands can be expressed in terms of combinatorial and topological data.
In [13] and in [15] for any λ in H , the squarefree divisor complex ∆λ is defined as
the simplicial complex on the vertex set {1, . . . , n} where {i1, . . . , ir} is a face of ∆λ
if λ−ai1 −· · ·−air ∈ H . Here is a way to make use of its reduced homology groups.
Theorem 2.1. (Bruns-Herzog [13, Proposition 1.1], Campillo-Marijuan [15, Theo-
rem 1.2]) In the above notation,
βi,λ(K[H ]) = dimK H˜i−1(∆λ;K)
for all i > 0 and λ in H.
The reduced homology modules of ∆λ may depend on the characteristic of the
field K, hence the same is true for the Betti numbers of K[H ]. However, the number
of connected components of ∆λ, which is given by dimK H0(∆λ;K) does not depend
on K and thus β1(K[H ]) = µ(IH) depends only on H . We refer to [13] for more
results on this direction.
The tangent cone of K[H ] (or of H) is the associated graded ring of K[H ] with
respect to the maximal ideal m = (th : h ∈ H \ {0})K[H ], namely
grmK[H ] = K[H ]/m⊕m/m
2 ⊕m2/m3 ⊕ · · · .
It is a standard graded K-algebra by letting mi/mi+1 be its homogeneous component
of degree i. This grading is the one we shall further use for grmK[H ], unless otherwise
specified.
For any nonzero f ∈ S, its initial form f ∗ is the homogeneous component (with
respect to the standard grading) of smallest degree. For any ideal I in S we denote
I∗ = (f ∗ : 0 6= f ∈ I) the ideal of initial forms. If f1, . . . , fr ∈ I such that
I∗ = (f ∗1 , . . . , f
∗
r ) one says that {f1, . . . , fr} is a standard basis of I. Moreover, in
that situation the polynomials f1, . . . , fr generate I.
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The ideal I∗ is obtained from a set of generators I = (f1, . . . , fr) as follows. Let
Fi be the homogenization of fi with respect to a new variable x0, for i = 1, . . . , r,
and assume G1, . . . , Gs is a Gro¨bner basis for the ideal (F1, . . . , Fr) ⊂ S[x0] with
respect to a term order that refines the partial order by degree in x0. If we set
gi = Gi(1, x1, . . . , xn) for i = 1, . . . , s then I
∗
H = (g1, . . . , gs), see [24, Proposition
15.28] or [26, Proposition 3.25] for a proof.
The relevance to us of this construction stems from the fact that grmK[H ]
∼= S/I∗H .
One can verify that for H = 〈6, 7, 10〉 the three generators listed in (1) are a
standard basis, hence I∗H = (y
2z, y4 − x3z, z2).
General deformation arguments (see [24]) prove that
βi(K[H ]) ≤ βi(grmK[H ]) for all i,
which shows that when searching for upper bounds for the Betti numbers of K[H ],
we may refer to the Betti numbers of its tangent cone. In practice, the latter are
easier to compute due to the standard grading on I∗H . When K[H ] and grmK[H ]
have the same Betti sequence, one says that K[H ] (or H) is of homogeneous type,
following the terminology of [40]. In [44, Theorem 3.17] the authors give a sufficient
condition for H to be of homogeneous type.
Both algebras K[H ] and grmK[H ] have Krull dimension one, but while the former
is a domain, the latter is not reduced and depth grmK[H ] ≤ 1. By the Auslander-
Buchsbaum formula,
emb dim(H)− 1 ≤ proj dim grmK[H ] ≤ emb dim(H).
The case emb dim(H) − 1 = proj dim grmK[H ] is equivalent to depth grmK[H ] =
1 (hence, by definition, grmK[H ] is Cohen-Macaulay), i.e. there exists a regular
element of positive degree in grmK[H ]. In our setting, this is equivalent to t̂
m(H)
being regular on grmK[H ].
Quite a bit of work (e.g. [46], [6], [3], [5], [38], [62], [31], [8], [41]) was directed
towards finding criteria to test if grmK[H ] is Cohen-Macaulay for an arbitrary nu-
merical semigroup, partly motivated by the fact that in that situation the Hilbert
function can be computed easier and it is non-decreasing.
The following hierarchy of rings is known: complete intersection ⇒ Gorenstein
⇒ Cohen-Macaulay. We explain what these conditions mean for our algebras of
interest.
The algebra K[H ] or grmK[H ] is a complete intersection (CI for short) if its
defining ideal can be generated by the minimum number of polynomials allowed by
Krull’ s theorem, namely by height IH = height I
∗
H = embdimH − 1 elements. The
CI property for K[H ] and grmK[H ] does not depend on the field K, but on some
arithmetic conditions among the generators of H . Delorme [22] proved that K[H ]
is CI if and only if the generators of H can be obtained recursively via a process
which is nowadays called gluing. D’Anna, Micale and Sammartano [19, Theorem
3.6] characterized the CI property for grmK[H ] using the Ape´ry set of H .
One says that K[H ] or grmK[H ] is a Gorenstein ring if it is Cohen-Macaulay and
its type equals one. The Cohen-Macaulay condition always holds for K[H ]. Kunz
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[49] showed that K[H ] is Gorenstein if and only if the semigroup H is symmetric,
i.e. for all x ∈ Z either x ∈ H or F (H) − x ∈ H . The Gorenstein property for
grmK[H ] was characterized by Bryant in [12, Theorem 3.14]. One special feature
of Gorenstein algebras is that their Betti sequence is symmetric, see [14, Theorem
3.3.7 (a), Corollary 3.3.9].
3. The type of a numerical semigroup
The Ape´ry set of the semigroup H with respect to a nonzero integer a in H is
Ap(H, a) = {x ∈ H : x− a /∈ H}.
Clearly, its elements give different remainders modulo a and |Ap(H, a)| = a . The
Ape´ry set of H is defined as Ap(H,m(H)).
The pseudo-Frobenius numbers of H are the elements in
PF (H) = {x ∈ Z \H : x+ h ∈ H for all h ∈ H, h > 0}.
Fro¨berg, Gottlieb and Ha¨ggkvist in [28] define the type of H by t(H) = |PF (H)|.
In the following we explain why this purely arithmetic invariant equals the type of
the semigroup ringK[H ], whereK is any field. We recall some algebraic terminology.
The type of a Cohen-Macaulay local ring (R,m) is t(R) = dimK Ext
d
R(K,R),
where K = R/m and d is the Krull dimension of R . Moreover, it x1, . . . , xd ⊂ m is
an R-regular sequence then t(R) = dimK HomR(K,R/(x1, . . . , xd)), see [14, Lemma
1.2.19]. In case R = A/I with A a regular local ring and I an ideal in A, then
t(R) = dimK Tor
A
d (K,R), see [2, Lemma 3.5]. This result means that t(R) is the
rank of the last nonzero module in the minimal free resolution of R over A.
The type of a Cohen-Macaulay ring R is defined as the maximum of t(Rp), where
p ranges in the set of maximal ideals of R.
Theorem 3.1. Let K be any field and H be any numerical semigroup. Then t(H) =
t(K[H ]).
Proof. The ring R = K[H ] is positively graded by setting deg th = h for all h in H .
R has a unique maximal graded ideal m, hence by [2, Theorem pp. 75] we get that
t(K[H ]) = t(K[H ]m). The ring map K[H ]m → K[|H|] is flat and its fiber is the field
K, hence it follows from [14, Proposition 1.2.16.(b)] that t(K[H ]m) = t(K[|H|]).
Let h ∈ H , h > 0. Since th is a regular element on K[|H|] we have that
t(K[|H|]) = dimK HomK[|H|](K,K[|H|]/(t
h)). It is an easy exercise to check that
a K-basis for HomK[|H|](K,K[|H|]/(t
h)) is given by the residue classes t̂x where x
ranges in the set
B = {x ∈ Ap(H, h) : x 6= h and x+ g ∈ h+H for all g ∈ H \ 0}.
We also leave it to the reader to check the equality of sets B = h+PF (H). Therefore,
t(H) = |PF (H)| = |B| = t(K[|H|]) = t(K[H ]),
which finishes the proof. 
From the arithmetic definition of the type of H one gets the following inequalities.
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Theorem 3.2. (Fro¨berg, Gottlieb, Ha¨ggkvist [28]) Let H be a numerical semigroup.
Then
(i) t(H) < m(H);
(ii) if emb dim(H) ≤ 3 then t(H) ≤ 2;
(iii) (t(H) + 1) · n(H) ≥ F (H) + 1, where n(H) is the number of elements in H
which are smaller that its Frobenius number F (H).
By a result of Kunz [49] a semigroup is symmetric if and only if its type equals
1. When H is pseudosymmetric, its type equals 2, but the converse is not true. For
instance H = 〈5, 6, 7〉 has PF (H) = {8, 9}.
In embedding dimension at least 4 there is no absolute upper bound on the type
of the semigroup, as the following examples show; see also Section 8. Historically,
Backelin was the first to produce 4-generated semigroups whose type is arbitrarily
large, see the next example.
Example 3.3. (Backelin, [28, Example pp. 75]) Given the integers n ≥ 2 and
r ≥ 3n+ 2, set s = r(3n+ 2) + 3 and
H = 〈s, s+ 3, s+ 3n + 1, s+ 3n+ 2〉.
It is proven in [28] that t(H) ≥ 2n+ 2. However, it is wrongly claimed in [28] that
t(H) = 2n + 3. Computations with Singular ([20]) and GAP ([30], [21]) indicate
that both K[H ] and grmK[H ] have the Betti sequence (1, 3n+ 4, 6n+ 5, 3n+ 2).
For the next example the type was computed by Cavaliere and Niesi in [16].
They also show that for these semigroups the associated projective monomial curve
is Cohen-Macaulay, which is not the case for Bresinsky’s semigroups discussed in
detail in Section 8.1.
Example 3.4. ([16, (3.4)]) For a ≥ 3 let
Ha = 〈a
2 − a, a2 − a + 1, a2 − 1, a2〉.
Then t(Ha) = 2a−4. Moreover, based on computations with Singular [20] we claim
that the Betti sequences forK[Ha] and grmK[Ha] are the same (1, 2a−2, 4a−7, 2a−
4).
Combining Example 3.4 and Proposition 8.3 we see that any positive integer
appears as the type of a 4-generated numerical semigroup. By the technique of
gluing, such examples may be constructed for any embedding dimension larger than
four, see Corollary 5.3.
When H is generated by an (almost) arithmetic sequence, there are sharp bounds
for the type in terms of the embedding dimension, see also Eq. (2).
Proposition 3.5. (i) (Tripathi, [73]) If H is generated by an arithmetic se-
quence then t(H) ≤ emb dim(H)− 1.
(ii) (Garc´ıa Marco, Ramı´rez Alfons´ın, Rødseth, [32, Theorem 3.1]) If H is gen-
erated by an almost arithmetic sequence then t(H) ≤ 2(emb dim(H)− 2).
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As noted before, symmetric semigroups have type 1. It is a natural question if
for closely related classes of semigroups the type is at least bounded by (a linear
function in) the embedding dimension.
Almost symmetric semigroups have been introduced by Barucci and Fro¨berg [7]
as a class of semigroups close to the symmetric ones. The semigroup H is almost
symmetric if for every x ∈ Z \H such that F (H)−x /∈ H we have {x, F (H)−x} ⊆
PF (H); see also [54] for equivalent characterizations.
Answering a question of Numata in [55], Moscariello [52] proves the following
result, see also [43].
Theorem 3.6. ([52, Theorem 1]) If H is almost symmetric and emb dim(H) = 4
then t(H) ≤ 3, which is a sharp bound.
In embedding dimension larger than 4 there are examples of almost symmetric
semigroups with t(H) ≥ emb dim(H). Starting from such a semigroup, Strazzanti
in [69, Remark 2.6.3, Example 2.6.4] constructs an almost symmetric semigroup L
of higher embedding dimension with t(L)−emb dim(L) > t(H)−emb dim(H). This
shows that there is no constant c such that t(H) ≤ emb dim(H)+ c for every almost
symmetric semigroup H .
Extending a question asked by Moscariello in [52] we ask the following.
Question 3.7. Is there any bound for the type and the rest of the Betti numbers
for K[H ] in terms of emb dim(H) when K[H ] is almost/nearly Gorenstein?
4. Shifted families of semigroups and upper bounds for the number
of defining equations
A recent idea used in the study of Betti numbers of semigroup rings was to examine
their behaviour in families of semigroups. Firstly, for any sequence of nonnegative
integers a : a1 < · · · < an it will be convenient to denote in this section by I(a) the
kernel of the K-algebra homomorphism ϕ : K[x1, . . . , xn]→ K[t] letting ϕ(xi) = t
ai
for i = 1, . . . , n. For any integer k we set a + k : a1 + k, . . . , an + k and we call
{〈a+ k〉}k≥0 the shifted family of semigroups associated to the sequence a. Herzog
and Srinivasan conjectured that the Betti numbers for the semigroup rings in this
shifted family are eventually periodic in k, for k ≫ 0. After partial results in [33],
[50] and [45], that conjecture was proved by Vu [74] in the following generality.
Theorem 4.1. (Vu, [74, Theorem 1.1]) Let a = a1 < · · · < an. There exists kV
such that
βi(I(a+ k)) = βi(I(a+ k + (an − a1)))
for all i and all k > kV .
We fix a and denote Hk = 〈a+ k〉. A key ingredient in Vu’s proof is the following
fact.
Proposition 4.2. ([74, Corollary 3.7]) For k ≫ 0 the nonhomogeneous binomials in
a minimal binomial system of generators for I(a+k) are of the form xu11 x
u2
2 . . . x
un−1
n−1 −
xv22 . . . x
vn−1
n−1 x
vn
n with uivi = 0 for i = 2, . . . , n−1, u1, vn > 0 and
∑n−1
i=1 ui >
∑n
i=2 vi.
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With the translation k 7→ k + (an − a1), what changes in these binomials are the
exponents of x1 and xn which increase by a quantity that is also periodic with period
an − a1.
Proposition 4.2 was used by Herzog and Stamate ([41]) to derive that:
Theorem 4.3. ([41, Theorem 1.4]) For k > kV the ring grmK[Hk] is Cohen-
Macaulay and it has the same Betti sequence as K[Hk].
In [44, Corollary 6.5] Jafari and Zarzuela reprove this fact noticing that for k ≫ 0
the semigroup Hk is homogeneous, a concept they introduce.
As a corollary of these periodicity results, we see that in any of the families
{K[Hk]}k≥0 or {grmK[Hk]}k≥0 properties like Gorenstein or complete intersection
occur either eventually with period an − a1, or only for a finite set of shifts k.
The bound kV given in [74] is usually not optimal, and it involves the Castelnuovo-
Mumford regularity of the ideal J(a) of homogeneous polynomials in I(a + k) for
some (and hence for all) k.
In case n = 3, these statements may be sharpened. Note that by the results in
Section 7.2, the periodicity for the Betti sequence of K[Hk] now means that for
k ≫ 0 the semigroup Hk is symmetric (actually CI) with period a3 − a1. The
principal (i.e. the smallest) period might be smaller, and it is determined in [68,
Theorem 3.1] in terms of the sequence a. A smaller value than kV for the shift k
where periodicity occurs is provided in [68]. Also, in that paper exact formulas are
conjectured for the thresholds from where the Betti numbers of K[Hk], respectively
of grmK[Hk] start changing periodically.
Another corollary of Theorems 4.1 and 4.3 is that if we bound the width of the
semigroup H , the Betti numbers of K[H ] and grmK[H ] are bounded, as well. We
recall that the width of the numerical semigroup H is the difference between the
largest and the smallest minimal generator of H .
Two statements have been formulated in [41] regarding the number of generators
for I∗H (hence also for IH). Firstly, for a numerical semigroup H minimally generated
by a1 < · · · < an we define its interval completion to be the semigroup H˜ generated
by all the integers in the interval [a1, an].
Conjecture 4.4. ([41, Conjectures 2.1, 2.4]) For any numerical semigroup H one
has
(i) µ(I∗H) ≤
(
wd(H)+1
2
)
,
(ii) µ(I∗H) ≤ µ(I
∗
H˜
).
If correct, the second point of the conjecture above would imply the first one.
Also, since H˜ is generated by an arithmetic sequence, we may use Eqs. (2) and
obtain effective bounds for µ(I∗H).
Betti numbers for intersections of toric ideals (and of their ideals of initial forms)
of numerical semigroups in the same shifted family are considered in [17]. Given the
sequence a as above, let
IA(a) =
⋂
k∈A
I(a+ k) and JA(a) =
⋂
k∈A
I(a+ k)∗.
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It is conjectured in [17] that their Betti numbers are preserved under shifting A 7→
A+ (an − a1), if minA ≫ 0; see [17, Proposition 2.3] for some proved cases.
Conaway et al. in [18], and O’Neill and Pelayo in [57] study factorization in-
variants, respectively the Ape´ry sets in shifted semigroups Hk for k ≫ 0. As a
byproduct they obtain the following.
Proposition 4.5. ([18, Theorems 3.4, 4.9], [57, Theorem 4.9]) For k > (an−a1)
2−a1
(i) the number of minimal generators for I(a+k) and the type of Hk are periodic
in k with period an − a1;
(ii) the conclusion of Proposition 4.2 holds.
With the same argument as in [41], Proposition 4.5(ii) implies that grmK[Hk]
is Cohen-Macaulay and it has the same Betti sequence as K[Hk] already for k >
(an − a1)
2 − a1, improving Theorem 4.3.
5. Betti numbers for simple gluings
Having its roots in describing the structure of CI semigroups ([22], [75], [37]),
the technique of gluing has been used to create interesting examples. We refer to
Delorme’s [22], Rosales’ [63] and the monograph [64] for a more general definition.
For our purposes, we consider a special case. Let L be a numerical semigroup
minimally generated by a1 < · · · < an, and c > 1 and d coprime integers such that
d ∈ L \ {a1, . . . , an}. Then
H = 〈cL, d〉 = 〈ca1, . . . , can, d〉
is said (in [42]) to be obtained from L by a simple gluing.
The order of d in L is defined as ordL(d) = max{
∑n
i=1 λi : d =
∑n
i=1 λiai, λi ∈ N}.
If we write d = λ1a1 + · · · + λnan with λi nonnegative integers and
∑n
i=1 λi
maximal, and we consider the gluing relation
f = xcn+1 −
n∏
i=1
xλii ,
then it is known (e.g. from the proof of Lemma 1 in [75], or [63, Theorem 1.4]) that
IH = (IL, f).
The following lemma is the key step in describing the Betti numbers of K[H ] and
grmK[H ] in terms of the Betti numbers of K[L] and grmK[L], respectively.
Lemma 5.1. ([42, Theorem 2.3, Lemma 2.6]) With notation as above, the following
hold:
(i) f is regular on K[x1, . . . , xn+1]/IL,
(ii) if c ≤ ordL d, then f
∗ is regular on K[x1, . . . , xn+1]/I
∗
L and I
∗
H = (I
∗
L, f
∗).
Here is the main result of this section.
Theorem 5.2. Let L be a numerical semigroup minimally generated by a1 < · · · <
an, and c > 1 and d coprime integers with d ∈ L\{a1, . . . , an}. Denote H = 〈cL, d〉.
The following hold:
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(i) βi(K[H ]) = βi(K[L]) + βi−1(K[L]), for all i > 0.
(ii) if c ≤ ordL(d), then βi(grmK[H ]) = βi(grmK[L]) + βi−1(grmK[L]), for all
i > 0.
Proof. Both statements are a consequence of Ku¨nneth’s formula for the homology of
the tensor product of two complexes, combined with Lemma 5.1. We give a detailed
proof of part (i), the other one is proved similarly.
Denote R = S[xn+1] = K[x1, . . . , xn+1]. Let L be a minimal free S-resolution of
S/IL. Tensoring this over S by R we get the complex P which is a minimal free
R-resolution of R/ILR. We consider the complex Q : 0 → R
f
→ R → 0. Clearly
Hi(Q) = R/(f) if i = 0, and 0 otherwise. Also, Qn is free (and flat) for any n, and
its image through the differential is either 0, if n 6= 0, or (f)R ∼= R, which is a free
(and flat) R-module.
From Ku¨nneth’s formula ([76, Theorem 3.6.3]), for any n there exists a short exact
sequence
0→
⊕
i+j=n
Hi(P)⊗Hj(Q)→ Hn(P ⊗Q)→
⊕
i+j=n−1
TorR1 (Hi(P), Hj(Q)))→ 0.
For n = 0 this gives H0(P ⊗ Q) ∼= H0(P) ⊗H0(Q) ∼= R/(IL, f), while for n > 1
the previous exact sequence gives Hn(P ⊗Q) = 0.
Plugging in n = 1 we get the exact sequence
0→ H1(Q)→ H1(P ⊗Q)→ Tor
R
1 (H0(P), H0(Q))→ 0,
hence H1(P ⊗ Q) ∼= Tor
R
1 (R/ILR,R/(f)). Note that by Lemma 5.1, f is regular
on R and on R/ILR, hence by [14, Proposition 1.1.5], the complex obtained by
tensoring with R/(f) the free resolution P of R/ILR, is again exact. Therefore,
TorR1 (R/ILR,R/(f)) = 0 and P ⊗ Q is exact and a minimal free resolution of
R/(IL, f).
Clearly, for n > 0 one has (P ⊗ Q)n = (Pn ⊗ Q0) ⊕ (Pn−1 ⊗ Q1) ∼= Pn ⊕ Pn−1.
This shows that βi(K[H ]) = βi(K[L]) + βi−1(K[L]) for all i > 0. 
An immediate consequence of part (i) is the following result of Fro¨berg, Gottlieb
and Ha¨ggkvist [28].
Corollary 5.3. ([28, Proposition 8]) If H = 〈cL, d〉 is a simple gluing, then K[H ]
and K[L], and also H and L have the same type.
Proof. Denoting n = embdim(L), since K[H ] is a Cohen-Macaulay S-module of
dimension 1, by Theorem 5.2(i) the type of K[H ] is βn(K[H ]) = βn(K[L]) +
βn−1(K[L]) = βn−1(K[L]), hence K[H ] and K[L] have the same type. The rest
follows from Theorem 3.1. 
Corollary 5.4. If H = 〈cL, d〉 is a simple gluing and c ≤ ordL(d), then grmK[H ] is
Cohen-Macaulay or Gorenstein if and only if grmK[L] is Cohen-Macaulay, respec-
tively Gorenstein.
Proof. Let n = embdim(L). By the Auslander-Buchsbaum formula [14, Theorem
1.3.3], grmK[H ] and grmK[L] are Cohen-Macaulay if and only if βn(grmK[H ]) = 0,
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respectively βn+1(grmK[L]) = 0. The conclusion follows from Theorem 5.2(ii) and
Corollary 5.3. 
Remark 5.5. The condition c ≤ ordL(d) in Corollary 5.4 can not be removed.
Indeed, for h > 1 let L = 〈3h, 3h + 1, 6h + 3〉 and H = 〈(h2 + 1)L, 3h2〉 from
Example 9.4. Clearly, ordL(3h
2) = h < h2 + 1. As noted in Examples 7.1 and 9.4
respectively, the tangent cone grmK[L] is not Cohen-Macaulay, however grmK[H ]
is Cohen-Macaulay.
Remark 5.6. A simple gluing H = 〈cL, d〉 with c ≤ ordL(d) is called a nice exten-
sion in [4]. This concept is generalized in [5, Definition 2.1] by Arslan, Mete and
S¸ahin to nice gluings of arbitrary numerical semigroups. In [5, Theorem 2.6] the
authors show that a nice gluing of two semigroups H1 and H2 with Cohen-Macaulay
tangent cones, also has a Cohen-Macaulay tangent cone. This gives another proof
for the Corollary 5.4 above. S¸ahin [71] studies nice extensions for arbitrary toric
varieties, and he formulates the results in this section in that generality.
The Betti numbers of K[H ] when H is a numerical semigroup obtained by gluing
have also been considered in [34] and [56].
6. Some examples
For some classes of numerical semigroups the resolution of K[H ] and of grmK[H ]
is known.
6.1. Complete intersections. When K[H ] is a complete intersection ring, its
defining ideal is generated by a = embdim(H) − 1 binomials which are a regular
sequence in S, hence the Koszul complex on these binomials provides a minimal S-
free resolution of S/IH , see [14, Corollary 1.6.14]. Consequently, the Betti sequence
for K[H ] is (
1,
(
a
1
)
,
(
a
2
)
, . . . ,
(
a
a
))
.
The numerical semigroups H for which K[H ] is CI have been characterized com-
binatorially by Delorme [22] in terms of gluings, see also Section 5. For instance,
when H is generated by a geometric sequence, the rings grmK[H ] and K[H ] are CI,
see [42, Proposition 3.4].
6.2. Arithmetic sequences. When H = 〈a, a+d, . . . , a+(n−1)d〉 is generated by
an arithmetic sequence with gcd(a, d) = 1, n ≤ a, Gimenez, Sengupta and Srinivasan
in [33] show that if we denote by b the unique integer such that a ≡ bmod(n − 1)
and 1 ≤ b ≤ n− 1, then
βi(K[H ]) = i
(
n− 1
i+ 1
)
+
{
(n− b− i+ 1)
(
n−1
i−1
)
if 1 ≤ i ≤ n− b,
(i− n+ b)
(
n−1
i
)
if n− b < i ≤ n− 1,
(2)
see also the preprint [58] of Oneto and Tamone for an independent, yet similar
approach.
The same values for the Betti numbers of grmK[H ] had been obtained by Sharifan
and Zaare-Nahandi in [65], and the equality βi(K[H ]) = βi(grmK[H ]), for all i, was
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noted by them in [66]. Independently, in [41] using just the relations defining K[H ],
Herzog and the author also showed that grmK[H ] has the same Betti numbers as
K[H ].
Formulas similar to (2) hold when H is generated by a generalized arithmetic
sequence, i.e. H = 〈a, ha+ d, ha+ 2d, . . . , ha+ (n− 1)d〉 for some positive integers
h, d with gcd(a, d) = 1. Details, and also the explicit minimal free resolution of
K[H ] may be found in [65], [33] and [59].
7. Embedding dimension at most 3
7.1. The 2-generated case. If H = 〈a1, a2〉 with a1 < a2 and gcd(a1, a2) = 1,
then K[H ] ∼= K[x, y]/(xa2−ya1) and grmK[H ]
∼= K[x, y]/(ya1), hence both algebras
have the Betti sequence (1, 1).
7.2. The 3-generated case. If emb dim(H) = 3, by Herzog’s work in [37] one has
that µ(IH) ≤ 3, hence the possible Betti sequences of K[H ] are (1, 2, 1) if it is CI,
or (1, 3, 2) if it is not. Moreover, Herzog [38] and Robbiano-Valla [62] show that
grmK[H ] is Cohen-Macaulay if and only if µ(I
∗
H) ≤ 3, and therefore, under such
an extra hypothesis the possible Betti sequences of grmK[H ] are again (1, 3, 2) and
(1, 2, 1).
On the other hand, there are examples of Shibuta ([35, Example 5.5]) of 3-
generated semigroups H where µ(I∗H) is arbitrarily large. Extending that family,
one has the following
Example 7.1. ([41, Section 3.3]) For a > 3 and
Ha = 〈a, a+ 1, 2a+ 3〉
one obtains that µ(I∗Ha) = ⌊
a−1
3
⌋ + 3, by explicitly computing the ideal of initial
forms
I∗Ha = (xz, z
k+1) + yε · (y3, z)k.
Here we wrote a = 3k+ε with k = ⌊a−1
3
⌋ and 1 ≤ ε ≤ 3. Numerical experiments with
Singular [20] indicate that, in this notation, the whole Betti sequence of grmK[Ha]
is (1, k + 3, 2k + 2, k).
8. Large Betti numbers in embedding dimension 4
When embdim(H) ≥ 4, there is no upper bound depending on embdim(H) alone
for the number of defining equations and the rest of the Betti numbers of K[H ], as
the following examples show.
8.1. Bresinsky semigroups. For h ≥ 2, Bresinsky [11] considered the numerical
semigroup
Bh = 〈(2h− 1)2h, (2h− 1)(2h+ 1), 2h(2h+ 1), 2h(2h+ 1) + 2h− 1〉.
and he showed that the number of defining equations for K[Bh] is at least 2h. We
now compute its whole Betti sequence.
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Theorem 8.1. With notation as above, both algebras K[Bh] and grmK[Bh] have
the Betti sequence
(1, 4h, 8h− 4, 4h− 3).
Proof. We fix an integer h ≥ 2 and for brevity we denote I = IBh ⊂ S = K[x, y, z, t].
Based on computations started in [11], it is proven in [41, Section 3.3] that
{xt−yz}∪{zi−1t2h−i−y2h−ixi+1 : 1 ≤ i ≤ 2h}∪{x2h+1−jzj−y2h−jtj : 0 ≤ j ≤ 2h−2}
is a minimal generating set and a minimal standard basis of I, and that grmK[Bh]
is Cohen-Macaulay.
We let S¯ = K[y, z, t], I¯ be the canonical projection of I ⊂ S onto S¯, and similarly
for I¯∗. It is immediate to check that
I¯ = I¯∗ = (yz) + (t2h−1, zt2h−2, . . . , z2h−1) + (y2t2h−2, y3t2h−3, . . . , y2h−1t, y2h).
Clearly x is regular on S/I which is a domain, but also on S/I∗ since grmK[Bh] is
Cohen-Macaulay, as noted above. Therefore, the Betti numbers for S/I, S/I∗, and
S¯/I¯ coincide. The conclusion follows from the next lemma. 
Lemma 8.2. Consider the ideal J ⊂ S¯ = K[y, z, t] defined as
(3) J = (yz) + (th, zth−1, . . . , zh) + (y2th−1, y3th−2, . . . , yh+1).
The Betti sequence of S¯/J is (1, 2h+ 2, 4h, 2h− 1).
Proof. Clearly β0(S¯/J) = 1 and β1(S¯/J) = µ(J) = 2h + 2.
Since S¯/J has finite length, it is Cohen-Macaulay. Hence its projective dimension
as an S¯-module equals 3 and its last nonzero Betti number satisfies β3(S¯/J) =
dimK Soc(S¯/J). Note that
Soc(S¯/J) =
{
f̂ ∈ S¯/J : (y, z, t) · f̂ = 0ˆ
}
has a K-basis consisting of the residue classes of the monomials m /∈ J such that
(y, z, t) ·m ⊂ J .
Let m = yazbtc be such a monomial. Clearly ab = 0.
If a = 0, then b > 0, otherwise m = yc /∈ J implies c ≤ h, and together with
ym = ytc ∈ J we get a contradiction. Moreover, m = zbtc /∈ J yields b+ c ≤ h− 1.
Since zm ∈ J , one gets that b + c + 1 ≥ h, hence b + c = h − 1 and m ∈ S1 =
{zth−2, z2th−3, . . . , zh−1}.
If a > 0, then b = 0. Since m = yatc /∈ J we get c < h. Also, ym = ya+1tc ∈ J
implies a + 1 + c ≥ h + 1, i.e. a + c ≥ h. From tm = yatc+1 ∈ J we get that
either a = 1 and c + 1 = h, or a ≥ 2 and a + c + 1 = h + 1. We obtain that
m ∈ S2 = {yt
h−1, y2th−2, . . . , yh}. It is easy to check that m̂ ∈ Soc(S¯/J) for all
m ∈ S1 ∪ S2, therefore β3(S¯) = 2h− 1.
From the relation
∑
i βi(S¯/J) = 0 we see that β2(S¯) = 4h, and this finishes the
computation of the Betti sequence. 
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8.2. Arslan semigroups. In [3, Proposition 3.2] Arslan shows that for the family
of semigroups
(4) Ah = 〈h(h+ 1), h(h+ 1) + 1, (h+ 1)
2, (h+ 1)2 + 1〉, where h ≥ 2,
the defining ideal of K[Ah] is
(5) IAh = (x
h−izi+1 − yh−i+1ti : 0 ≤ i < h)+
(zith−i − xi+1yh−i : 0 ≤ i ≤ h) + (xt− yz).
and later on he proves that grmK[Ah] is Cohen-Macaulay via some considerations
involving Gro¨bner bases.
With notation as before, going modulo x we obtain
I¯Ah = (y
h−i+1ti : 0 ≤ i < h) + (zith−i : 0 ≤ i ≤ h) + (yz).
This is a monomial ideal whose generators, naturally forming a standard basis, may
be clearly lifted to binomials in IAh with the same initial degree. According to
Herzog’s criterion [38, Theorem 1], as formulated in [41, Lemma 1.2], we get that
the generators in (5) for IAh form a standard basis as well, and that x is regular on
grmK[Ah]. Hence we reobtain Arslan’s result in [3, Proposition 3.4]:
I∗Ah = (x
h−izi+1 − yh−i+1ti : 0 ≤ i < h) + (zith−i : 0 ≤ i ≤ h) + (xt− yz).
Modulo x, the latter ideal is the same as I¯Ah and it coincides with the ideal J in
(3). Using Lemma 8.2, we derive the next result.
Proposition 8.3. Let h ≥ 2 and Ah be the Arslan semigroup defined in (4). The
semigroup ring K[Ah] and its tangent cone grmK[Ah] have the same Betti sequence
(1, 2h+ 2, 4h, 2h− 1).
These computations show that in the class of 4-generated numerical semigroups,
even among those with Cohen-Macaulay tangent cone, the Betti numbers of K[H ]
may be arbitrarily large. Using the gluing construction described in Section 5, we
can exhibit examples of semigroups with arbitrarily large Betti numbers in any
higher embedding dimension.
9. Embedding dimension 4, continued
9.1. AA-sequences. A sequence of integers is called an almost arithmetic (AA)
sequence if it consists of an arithmetic sequence and of one more element. Any
3-generated semigroup is generated by an AA-sequence.
Kumar Roy, Sengupta and Tripathi [48] described the minimal resolution of K[H ]
when H is minimally generated by an AA-sequence with 4 elements. Similar to the
results in Section 6.2, they obtain that only the following eight Betti sequences are
possible: (1, 3, 3, 1), (1, 4, 5, 2), (1, 4, 6, 3), (1, 5, 5, 1), (1, 5, 6, 2), (1, 5, 7, 3), (1, 6, 8, 3),
(1, 6, 9, 4).
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9.2. Symmetric semigroups. Assume H is a 4-generated symmetric semigroup.
If H is CI, the Betti sequence of K[H ] is (1, 3, 3, 1), as seen in Section 6.1.
When H is not CI, Bresinsky [10] described its generators and he explicitly com-
puted the defining relations for K[H ]. Based on that parametrization, Barucci,
Fro¨berg and S¸ahin [9] described the minimal free resolution of K[H ]. The Betti
sequence is always (1, 5, 5, 1) in that case.
Remark 9.1. Micale and Olteanu [51] notice that in embedding dimension at least
five, more than one Betti sequence is possible for K[H ] when H is symmetric and
not CI. Indeed, if a and d are coprime positive integers such that a ≡ 2mod(4),
letting H = 〈a, a + d, a + 2d, a + 3d, a + 4d〉, it follows from Eq. (2) that the Betti
sequence of K[H ] is (1, 9, 16, 9, 1).
On the other hand, the semigroupH = 〈12, 20, 28, 30, 35〉 is symmetric, not CI and
the Betti sequence of K[H ] is (1, 6, 10, 6, 1). A large class of symmetric semigroups
with this Betti sequence is provided by [51, Proposition 5.1].
When H is 4-generated, symmetric and not CI, it is a natural question to find
the equations of the tangent cone, since we know the five equations defining K[H ].
Despite the effort (see [46], [4]), explicit formulas are not available in all cases.
Arslan, Katsabekis and Nalbandiyan [6] gave necessary and sufficient conditions
for a 4-generated symmetric and not CI semigroup to have a Cohen-Macaulay tan-
gent cone, in terms of Bresinsky’s parametrization; see also [46, Theorem 2.4] for a
more compact formulation of their result.
Recently, under these hypotheses for H , building on the results in [6], Katsabekis
[46] shows that in several cases when grmK[H ] is Cohen-Macaulay, then µ(I
∗
H) ∈
{5, 6} by explicitly finding a standard basis for IH . It is likely that this program
can be completed to find the possible Betti sequences of the tangent cone, at least
in those several cases. We ask if that is a finite list or not. We also wonder if µ(I∗H)
can be determined in all the cases when grmK[H ] is Cohen-Macaulay, compare with
Example 9.4.
Here are some examples.
Example 9.2. We used Singular [20] to compute the Betti sequences of grmK[H ]
for some 4-generated symmetric and non-CI semigroups H given in [6, Examples
3.14, 3.21, 3.28, 4.3]:
(a) for H any of 〈1199, 2051, 2352, 3032〉, 〈627, 1546, 1662, 3377〉, or
〈813, 1032, 1240, 1835〉 the tangent cone grmK[H ] is Cohen-Macaulay and its
Betti sequence is (1, 6, 8, 3);
(b) for H = 〈2m+1, 2m+3, 2m2+m−2, 2m2+m−1〉 with m ≥ 4, the ideal I∗H
is explicitly computed and one gets that grmK[H ] is not Cohen-Macaulay,
and its Betti sequence is (1, 8, 14, 9, 2).
Example 9.3. Arslan and Mete (see [4, Example 2.1]) show that for m ≥ 2 the
semigroup
Hm = 〈m
3 +m2 −m,m3 + 2m2 +m− 1, m3 + 3m2 + 2m− 2, m3 + 4m2 + 3m− 2〉
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is symmetric and not CI, and that grmK[Hm] is Cohen-Macaulay by explicitly com-
puting
I∗Hm = (zt
m−1, ym+2, zm, tm, ymtm−1).
Denoting J = I∗Hm mod x, it is easy to check that {y
m−1zm−1tm−2, ym−1tm−1} is a
K-basis for Soc(S¯/J), hence arguing as in the proof of Lemma 8.2 we get that
grmK[Hm] has the Betti sequence (1, 5, 6, 2).
We next consider the possible number of equations for grmK[H ] when H is CI
and embdim(H) = 4.
Recall that in embedding dimension 3, grmK[H ] is CM if and only if µ(I
∗
H) ≤
3. Working to extend this result, Shibuta [67, Theorem 3.1] shows that if H is
a 4-generated CI numerical semigroup and µ(I∗H) ≤ 4, then grmK[H ] is Cohen-
Macaulay. The paper [67] is also the source of the following example.
Example 9.4. (Shibuta, [67, Proposition 3.14]) For h ≥ 2 the semigroup
(6) Hh = 〈3h
2, 3h(h2 + 1), (3h+ 1)(h2 + 1), (6h+ 3)(h2 + 1)〉
is CI with IHh = (y
h − xh
2+1, yt − z3, th − x2(h
2+1)y) ⊂ S = K[x, y, z, t] and I∗Hh =
(yt) + (z3, y)h + (z3, t)h.
Clearly x is regular in S/I∗Hh and grmK[Hh] is Cohen-Macaulay. We shall find
its Betti numbers as in the proof of Lemma 8.2. Letting J = I∗Hh mod x and S¯ =
K[y, z, t], it is easy to check that
{yh−1z3i−1 : 1 ≤ i ≤ h} ∪ {z3i−1t : 1 ≤ i ≤ h− 1}
is a K-basis for Soc(S¯/J). Therefore the Betti sequences for grmK[Hh] and for S¯/J
are (1, 2h+ 2, 4h, 2h− 2).
Example 9.5. (Katsabekis, [46, Example 3.6]) For m ≥ 1 the semigroup
Hm = 〈8m
2 + 6, 8m2 + 10, 12m2 + 15, 20m2 + 15〉
is CI, with IHm = (x
5 − t2, y3 − z2, x2m
2
t − y2m
2
z). Using the methods described
in Section 2 one gets that I∗Hm = (z
2, t2, x2m
2
t − y2m
2
z, y2m
2+3t, y4m
2+3), and the
tangent cone is not Cohen-Macaulay. Testing with Singular ([20]) for small values
of m we always get the Betti sequence (1, 5, 9, 6, 1) for grmK[Hm].
Starting with a 3-generated CI semigroup H whose tangent cone has large Betti
numbers, by a simple gluing (see Section 5) we can obtain a 4-generated CI whose
tangent cone has large Betti numbers, as well.
Example 9.6. For m ≥ 2, the semigroup Hm = 〈3m, 3m+ 1, 6m+ 3〉 in Example
7.1 is CI and the Betti sequence for grmK[Hm] is (1, m+ 2, 2m,m− 1). Letting
Lm = 〈2Hm, 6m+ 1〉 = 〈6m, 6m+ 2, 12m+ 6, 6m+ 1〉,
we have that Lm is CI. By Theorem 5.2, the tangent cone grmK[Lm], which is not
Cohen-Macaulay, has the Betti sequence (1, m+ 3, 3m+ 2, 3m− 1, m− 1).
Remark 9.7. Following Examples 9.4 and 9.6, we expect that arbitrarily large Betti
numbers may be obtained for grmK[H ] also when H is 4-generated, symmetric and
not CI.
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9.3. Pseudosymmetric semigroups. A semigroup H is called pseudosymmetric
if F (H) is even and PF (H) = {F (H)/2, F (H)}. Komeda [47] characterized the
generators of any 4-generated pseudosymmetric numerical semigroup H and he
found the defining relations of K[H ]. Based on that, Barucci, Fro¨berg and S¸ahin [9]
described the minimal free resolution of K[H ]. Consequently, its Betti sequence is
(1, 5, 6, 2).
The defining equations or the Betti numbers of the tangent cone are not known
for this class of semigroups. S¸ahin and S¸ahin ([72]) describe the Cohen-Macaulay
property of grmK[H ] in terms of Komeda’s parametrization.
9.4. Further extensions. Assume H is a 4-generated semigroup which is not CI.
Eto [27] describes the almost symmetric such semigroups: their generators, the
defining equations of K[H ] and also the minimal resolution of K[H ]. When the
type of H is 2, H is pseudosymmetric and this was discussed above. Moscariello
[52] had proven that otherwise H must have type equal to 3, and Eto shows that
the possible Betti sequences are (1, 6, 8, 3) and (1, 7, 9, 3). This completes some very
partial results in [55].
The class of nearly Gorenstein semigroups has been recently introduced in [39]
and it contains the almost symmetric ones.
Problem 9.8. Find a parametrization of the 4-generated nearly Gorenstein semi-
groups and describe the minimal resolution of their semigroup ring.
Problem 9.9. Describe the Betti numbers and the minimal resolution of grmK[H ]
when H is a 4-generated semigroup which is (almost) symmetric or nearly Goren-
stein.
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